Abstract. The structure of groups which have at most two isomorphism classes of derived subgroups (D 2 -groups) is investigated. A complete description of D 2 -groups is obtained in the case where the derived subgroup is finite: the solution leads an interesting number theoretic problem. In addition, detailed information is obtained about soluble D 2 -groups, especially those with finite rank, where algebraic number fields play an important role. Also, detailed structural information about insoluble D 2 -groups is found, and the locally free D 2 -groups are characterized.
Introduction and results.
By a derived subgroup in a group G is meant the derived (or commutator) subgroup of a subgroup of G. It is a natural question: how important the set of derived subgroups is within the lattice of all subgroups? Recently there has been interest in imposing restrictions on the number of derived subgroups in a group and investigating the resulting effect on the structure of the group. Let C n denote the class of groups in which there are at most n derived subgroups, and let C denote the union of all the classes C n , n = 1, 2, . . . . The structure of C n -groups for small n has been investigated in [5] , while it is shown in [3] and [5] that a locally graded C-group has finite derived subgroup -also see [2] for related work.
In this paper we are concerned with groups for which the set of isomorphism types of derived subgroup is very small. If n is a positive integer, let denote the class of groups whose derived subgroups fall into at most n isomorphism classes. Clearly D 1 = C 1 is the class of abelian groups, but one would expect the class D n to be much larger than C n if n > 1.
Our attention here is focused on the class D 2 . Notice that a group G belongs to D 2 if and only if H G whenever H is a non-abelian subgroup of G. While this may seem a highly restricted class of groups, it contains groups of many diverse types: apart from abelian groups, D 2 contains free groups of countable rank, groups whose derived subgroups are cyclic of prime or infinite order, Tarski groups, (i.e. finitely generated infinite groups with every proper subgroup abelian) and a whole range of soluble groups. It turns out to be possible to describe in a precise way some large classes of D 2 -groups. For example, D 2 -groups with finite derived subgroup can be characterized modulo the centre by pairs (p, m) where p is a prime, m > 1 is an integer not divisible by p and the order of p mod m equals the order of p mod q for each prime divisor q of m: this is Theorem 2. We call such integer pairs allowable pairs. These pairs turn out to be mysterious objects and their study leads to an apparently difficult number theoretic problem: given a prime p, does there exist a prime q such that (p, q 2 ) is allowable? A great deal of information about infinite soluble D 2 -groups is obtained: for example, such groups are metabelian, and their derived subgroup is free or elementary abelian or torsion-free of finite rank (Theorem 3). In addition, infinite soluble D 2 -groups of finite rank with trivial centre can be described in a similar manner to those with finite derived subgroup (Theorem 4). It turns out that they can be constructed to within finite index from an algebraic number field and a finitely generated subgroup of its multiplicative group which satisfy a condition analogous to the allowability condition for pairs of integers. These results appear in Section 4.
Among other types of D 2 -group studied are groups whose derived subgroup is not perfect, groups satisfying the Tits alternative and groups whose derived subgroups satisfy the minimal condition on subgroups. Results about these groups are to be found in Sections 5 and 6. For example, it is proved that a locally free group G is a D 2 -group if and only if G is free with countable rank (Corollary 7).
In conclusion we point out that the study of D 2 -groups involves groups of many different types, and that progress requires the application of a variety of techniques, both group theoretic and number theoretic. It seems probable that some of our methods may be extended to higher classes D n , and work is already underway on the class D 3 . If
Proof. The first statement is obvious. To prove the second, let H/N be any nonabelian subgroup of G/N. Then H is non-abelian and G H . Since G satisfies min, it has the cohopfian property and so G = H . Hence, (G/N) = (H/N) and G/N ∈ D 2 . To prove (iii) we may assume that G = 1. Then G has a finitely generated non-abelian subgroup H and G H . Hence, G is countable.
On the other hand, in the context of Lemma 1(iii) it is worth noting that if G ∈ D 2 , the quotient group G/Z(G) may be uncountable. Indeed it is easy to construct an extra-special p-group G for which G/Z(G) is uncountable: of course G has order p, so
The The last step in the proof is to show that (G/N )/Z(G/N ) has odd order: it will then follow via the Odd Order Theorem that G/N is soluble. Since G is perfect, the conclusion will be that N = G, a contradiction.
Suppose that x, y ∈ G satisfy
G , which is perfect. Hence, Proof. There is an ordinal α ≥ 1 such that
. Therefore, G is perfect; moreover, by Lemma 1 it belongs to D 2 , which contradicts Proposition 1.
In this context it is a reasonable to ask whether a residually finite D 2 -group is always residually soluble.
Since our aim is to study non-abelian D 2 -groups, it is natural to look first at nilpotent D 2 -groups: these admit a very simple description, (cf. [5] 
The converse is clearly true.
Note that a nilpotent D 2 -group has class at most 2 so that locally nilpotent D 2 -groups are nilpotent.
3. Groups with finite derived subgroup. In this section we classify D 2 -groups with finite derived subgroup. The essential components of such groups are certain finite metabelian groups constructed from pairs of integers. We begin by describing these groups.
Let p be a prime and m > 1 an integer not divisible by p. Let F be a field of order p n , where n is the order of p modulo m, which will be written as
The multiplicative group F * contains a unique (cyclic) subgroup X = x of order m. Also, (F :
+ , the additive group of F, as an X-module via the field multiplication: then it is easy to show that A is a simple X-module and C A (y) = 0 if 1 = y ∈ X.
Next form the semi-direct product 
is an elementary abelian p-group, Z(G) = C X (A) and X/Z(G) is cyclic of order m; (ii) (p, m) is an allowable pair and G/Z(G) G(p, m).
Proof. Assume that G ∈ D 2 . First suppose that G is not soluble. Then G is not abelian and, since it is finite, G contains a minimal non-abelian subgroup H. By a classical theorem of Miller and Moreno ( [7] ), the subgroup H is soluble. However, G H , which yields the contradiction that G is soluble. Write A = G . If A is nonabelian, G A = G and G = 1, which shows that A is abelian and G is metabelian.
which shows that A = B and A is a simple x -module for all x ∈ G\C G (A). Consequently, A is an elementary abelian p-group for some prime p.
Since A is a non-trivial, finite, simple G-module and G/A is abelian, G splits over A (see [9, Theorem 1] 
Since A is a faithful simple X/Z-module, X/Z is cyclic with order m prime to p.
Put G = G/Z, A = AZ/Z and X = X/Z. Then A is a faithful simple X-module and X is cyclic of order m, so we can identify A with the additive group of a field of order p n , where n = |p| m , and X = x with a subgroup of order m of the multiplicative group. Thus, G = X A G(p, m). SinceḠ ∈ D 2 by Lemma 1, the pair (p, m) is allowable by Lemma 3.
Conversely, assume that G has the structure indicated in the theorem. . This is a difficult number theoretic problem. A computer search reveals that the answer is positive for all primes p < 100 with the possible exception of 47. The case p = 2 is of special interest: e(2, q) ≥ 2 if and only if 2 q−1 ≡ 1 (mod q 2 ). Only two such primes q are known, 1093 and 3511. There is a curious connection between the Wieferich primes and the so-called first case of Fermat's Last Theorem, for which see [4] . (We are grateful to M. Mazur and S. Ullom for information about the Wieferich primes).
Soluble groups.
In this section the structure of infinite soluble D 2 -groups is analysed. 
and N ≤ Z(G). This gives the contradiction A ≤ Z(G).
There is a simple converse to Theorem 3.
PROPOSITION 2. Let G be a metabelian group and set A = G . Assume that the following conditions hold:
Proof. Let H be a non-abelian subgroup of G and put B = H . Then H is not nilpotent, so there exists x ∈ H such that [B, x] = 1. Also, [B, x ] ≤ B, so B A by (i) and G ∈ D 2 .
COROLLARY 4. Let G be a free soluble group. Then G ∈ D 2 if and only if G is free abelian or free metabelian of countable rank.
Proof. Indeed, assume that G ∈ D 2 is non-abelian; then G is metabelian by Theorem 3 and clearly it must be free metabelian. By Lemma 1 G is countable, which shows that G has countable rank. Conversely, if G is free metabelian of countable rank, it is clear that nilpotent subgroups are abelian. Suppose that 1 is injective, so B [B, x] , while it is easy to see that [B, x] cannot be finitely generated. Hence, B A and G ∈ D 2 by Proposition 2.
REMARK. (a) The three possibilities for A envisaged in Theorem 3 all occur, as is shown by the wreath products ‫ޚ‬ p wr ‫,ޚ‬ ‫ޚ‬ wr ‫ޚ‬ and the infinite dihedral group.
(b) When A is finitely generated and free abelian, condition (iv) of Theorem 3 is equivalent to A being rationally irreducible as an x -module for all x ∈ G\C G (A).
(c) The fixed point free action in (iii) of Theorem 3 need not hold when A is elementary or free abelian of infinite rank. To see this let X = x × y be free abelian of rank 2 and let A 0 = RX ⊕ R y , where R = ‫ޚ‬ p or ‫.ޚ‬ Regard A 0 as an X-module via the natural action of X on RX and of y on R y , with x acting trivially on R y . Define G to be the semi-direct product X A 0 . Then A = G = I X ⊕ I y , where I X , I y are augmentation ideals. If H is a non-abelian subgroup of G, it is straightforward to see that H G so that G ∈ D 2 . However, C A (x) = 0.
Groups of finite rank.
Soluble D 2 -groups with finite rank have additional structure over and above that described in Theorem 3. We can restrict ourselves to the case where the derived subgroup is torsion-free minimax in view of Theorems 2 and 3.
THEOREM 4. Let G be a non-nilpotent, soluble D 2 -group such that A = G is a torsion-free minimax group. Then the following hold. (i) If 1 < B ≤ A and B = B x , where x ∈ G\C G (A), then |A : B| is finite: hence A is x -rationally irreducible. (ii) If C = C G (A), then G/C is finitely generated and A is a noetherian G/C-module. (iii) There is an abelian subgroup U such that U ∩ A = 1 and |G : UA| is finite. (iv) G/Z(G) is a finitely generated metabelian minimax group in
D 2 .
Proof. (i) By Theorem 3(iii) we have [B, x] = 1 and hence B A.
Since r 0 (B) = r 0 (A) and A is minimax, A/B is aČernikov group. Now a torsion-free abelian minimax group has a series whose infinite factors are cyclic or quasi-cyclic; moreover, the (multi-) set of infinite factors is an invariant of the group. Applying this fact to a series in A through B, we conclude that A/B is finite.
(ii) By (i) A is rationally irreducible as a G/C-module and a theorem of Baer [1] shows that G/C is finitely generated. Let 1 = a ∈ A; then A/a G is finite by (i), so A is a finitely generated G/C-module and hence it is a noetherian G/C-module.
(iii) Since G is not nilpotent, there exists x ∈ G such that [A, x] = 1 and thus C A (x) = 1 by Theorem 3(iii). Now apply [6, 6.1.4 ] to obtain a subgroup U as described.
(In fact, we could take U to be C G (x).) (iv) Set G 0 = UA, noting that G 0 G and 
is abelian, A is torsion-free minimax and U-rationally irreducible, and G is finitely generated. There is a wellestablished connection between groups with this structure and algebraic number fields. Note that F = A 0 ⊗ ‫ޑ‬ is a simple ‫ޑ‬U-module and the assignment r + I → (a ⊗ 1)r, (r ∈ ‫ޑ‬U) yields a ring isomorphism ‫ޑ‬U/I → F, where I = Ann ‫ޑ‬U (a), a maximal ideal of ‫ޑ‬U. Thus, F is an algebraic number field and we may identify A 0 and U with subgroups of F + and F * respectively. Moreover, A 0 = Rg U and F = ‫(ޑ‬U). Conversely, suppose we start with an algebraic number field F and a non-trivial finitely generated subgroup X of F * such that F = ‫(ޑ‬X). Let C be the subring of F generated by X and regard C as an X-module in the natural way. Now form the group
Since G = X, 1 F , this is a finitely generated metabelian group. Also, F = ‫(ޑ‬X), so we have r 0 (C) = (F : ‫)ޑ‬ and G has finite rank; hence it is a minimax group. Note that if X is a subgroup of the group of units of F, then G will be polycyclic.
It is easy to see that any nilpotent subgroup of G is abelian and that A := G = [C, X]. By Proposition 2 the group G belongs to D 2 if and only if B A whenever 0 = B = Bx ≤ A and 1 = x ∈ X. Let us call the pair (F, X) allowable if this condition is valid, the analogy with allowable pairs of integers being evident. In conclusion G(F, X) ∈ D 2 if and only if (F, X) is an allowable pair. Note that if X is a group of units of F, then (F, X) is allowable if and only if C = Rg X is x -rationally irreducible for all x = 1 in X. F and G(F, X) is polycyclic. Also, C = Rg c is free abelian of rank 2 and c k ∈ ‫ޑ‬ for k > 0, so C is x k -rationally irreducible and (F, X) is allowable; hence, G(F, X) ∈ D 2 . In this case G(F, X) has the presentation
EXAMPLES. (i) If
and X = c , where c = 1 + √ 3. Then c 2 − 2c − 2 = 0 and C = Rg c satisfies C = 2C. Hence, C is a free ‫ޑ‬ 2 -module of rank 2, where ‫ޑ‬ 2 is the ring of dyadic rationals. Also, A = G(F, X) is a free module since ‫ޑ‬ 2 is a principal ideal domain. Let k > 0. A routine calculation reveals that c k has irreducible polynomial of the form t 2 + 2rt + 2s, (r, s ∈ ‫.)ޚ‬ If B = 0 is a c k -submodule of C, then B = 2B and B is a free ‫ޑ‬ 2 -module of rank 2. Thus, B A, (F, X) is allowable and G(F, X) ∈ D 2 .
5. Groups with non-perfect derived subgroup. We continue our study of D 2 -groups by considering groups G such that G is not perfect. Under the additional hypothesis that G /G has finite abelian ranks, i.e. the p-rank is finite for p = 0 or a prime, it emerges that these groups are soluble, so they fall within the scope of the classification theorems of the previous two sections. THEOREM 
Let G be a D 2 -group such that G /G is non-trivial and has finite abelian ranks. Then G is soluble and G is either finite elementary abelian or a torsion-free abelian minimax group.
Note that the hypothesis of finite rank cannot be omitted from the theorem since free groups of countable rank belong to D 2 . During the proof of Theorem 5 we will use two auxiliary results about nilpotent groups which may be known. If n is a positive integer, let e(n) denote the sum of the exponents in the primary decomposition of n.
LEMMA 6. Let G be a nilpotent group, n a positive integer and S = γ n (G). If S /S is finite and e(|S /S |) ≤ n, then S is metabelian.
Proof. There is a G-central series Proof of Theorem 5. By Theorem 3 it is enough to prove that G is soluble, so assume this is not true. Then G has a finitely generated insoluble subgroup H since by Theorem 3 soluble D 2 -groups are metabelian. Then G H and G /G H /H . Now H/H is a finitely generated metabelian group, so it satisfies max-n, the maximal condition on normal subgroups, by a theorem of P. Hall (see [6, 4.2.2] ). Therefore, the torsion-subgroup of H /H has finite exponent. Of course, the same is true of G /G , and since G /G has finite abelian ranks, we deduce that its torsion-subgroup is finite, say of order t. Let n = r 0 (G /G ), which is also finite.
First of all consider the case where n = 0, i.e. G /G has finite order t.
, the group G/C i is soluble and its derived length is at most m, so
is nilpotent for all j ≥ 1. Now set j = e + 2 and write
K /K and hence e(|S |/|S |) ≤ e(|K /K |) = e(t) = e, a conclusion that is still valid if S is abelian. We are now in a position to apply Lemma 6 to the groupK, so we may conclude that S is metabelian. From this it follows that S ≤ K (j) . Also,
Next we address the case n > 0. As before, write
, so that G/C i is isomorphic with a soluble group of automorphisms of the abelian group
. The latter has finite torsion-free rank n. By a well-known theorem of Zassenhaus (see [6, 3.1.10] ), the derived length of a soluble linear group of degree n cannot exceed f (n) for some function f . It follows that G/C i has derived length at most s := f (n) + t! + 1, where t is the order of the torsion-subgroup of G /G . Hence,
If S is not abelian, S /S K /K and hence r 0 (S /S ) ≤ r 0 (G /G ) = n, a conclusion that is still valid if S is abelian. We can now apply Lemma 7 to the groupK and conclude that S is periodic. As above K (n+1) ≤ S , which implies that
Proof. Assume this is false: clearly we may assume G is finitely generated. Then G/G is finite and G is finitely generated, which gives a contradiction by the Theorem 5. Proof. As usual, we can assume that G is finitely generated, so G is also finitely generated. Since G is locally graded, G has a non-trivial finite quotient and hence G = G by Proposition 1. The result now follows from Corollary 5. 
Elements of finite order in
Finally, let K/F be a non-abelian subgroup of G/F. Then K G , while K ∩ F and G ∩ F are the respective torsion-subgroups of K and G . Therefore,
On the other hand, the elements of finite order in a soluble D 2 -group need not form a subgroup as the infinite dihedral group shows.
6. Insoluble D 2 -groups. Up to this point all the D 2 -groups of whose structure we have some knowledge have turned out to be soluble. We now consider some classes of insoluble D 2 -groups. Let denote the class of groups that satisfy the Tits alternative, i.e. G ∈ if and only if either G is soluble-by-finite or it contains a free subgroup of rank 2.
THEOREM 7. Let G be a -group. Then G ∈ D 2 if and only if either G is a soluble D 2 -group or else G is free with countably infinite rank and L is not finitely generated whenever L is a non-abelian subgroup of G .
Proof. Assume that G ∈ D 2 . Suppose that G has a soluble normal subgroup S with finite index in G. If S ≤ Z(G), there is a g ∈ G such that G g, S ≤ S, and G is soluble. Next assume that S ≤ Z(G); then G/Z(G) is finite, so G is finite and again G is soluble by Theorem 2. Now suppose that no such S exists. Then G has a free subgroup F of rank 2 since G ∈ . Thus, G F and G is free with countably infinite rank. If L is a non-abelian subgroup of G, we have L G F showing that L is not finitely generated.
Conversely, assume the conditions hold and G is insoluble. Let L be a non-abelian subgroup of G. Then L ≤ G , so L is free of countable rank. Since by hypothesis L is not finitely generated, L G and G ∈ D 2 .
COROLLARY 7. Let G be a locally free group. Then G ∈ D 2 if and only if G is a free group of countable rank.
Proof. On the basis that G is locally free, it is easy to see that G ∈ . By Theorem 7 the condition on G is necessary. To prove sufficiency it is enough to show that if G is free with countable rank and L is a non-abelian subgroup of G, then L is not finitely generated. If this is false, L = K , where K is some finitely generated subgroup. But K is free and non-cyclic, so K cannot be finitely generated.
For example, the free product ‫ޑ‬ 2 * ‫ޚ‬ is a locally free D 2 -group which is not free. Note that this group is residually finite, and hence locally graded.
REMARKS. (i)
If G ∈ D 2 ∩ , then G is locally graded. This follows directly from Theorem 7.
(ii) It is not sufficient for G ∈ D 2 that G be free of countably infinite rank. 10] ) states that finitely generated linear groups belong to , so Theorem 7 is applicable. In fact the theorem applies to any linear D 2 -group. Indeed, let G be a linear group in D 2 and assume G is not soluble. Then G has a finitely generated insoluble subgroup H and G H . By Tits' theorem and Theorem 7 we see that H ∈ and H , and hence G is free of countably infinite rank and so G ∈ . 6.1. Groups whose derived subgroup satisfies the minimal condition. Up to this point none of the special types of D 2 -group that we have studied has involved a Tarski group, yet Tarski groups certainly belong to D 2 . Our final result shows that every insoluble D 2 -group whose derived subgroup satisfies the minimal condition has a factor which is of Tarski type.
(b) In the opposite direction note that properties (i) and (ii) imply that G ∈ D 2 . For, if H is a non-abelian subgroup, H contains G and hence H ≥ G = G . Thus, H = G . ACKNOWLEDGEMENTS. Much of this research was carried out while the third author was a visitor at the University of Salerno in June-July 2011 under the auspices of GNSAGA-INdAM (Italy). He acknowledges splendid hospitality from the Dipartimento di Matematica.
